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Abstract
In this paper we prove the existence of a periodic motion of a charge on a large class of
manifolds under the action of the magnetic fields. Our methods also give a class of closed
manifolds whose cotangent bundles contain no the closed exact Lagrangian submanifolds.
MSC 1991: 58F05 58E05
1 Introduction and results
1.1 The question
The periodic motion question of a charge on an Riemannian manifold (N, g) in the magnetic field(
abbreviated to “PMMQ” below) is a very important and difficult question in the mathematics and
physics([Ar1][No]). It can be formulated as
PMMQ. Looking for the nonconstant periodic solutions of Hamiltonian system
z˙ = XHg (z)
on the energy level Ec = {Hg = c} with c > 0, where Hg : T ∗N → R is given by Hg(z) = 12‖z‖2g
and XHg is the Hamiltionian vector field of Hg with respect to the twisted symplectic form ω =
ωcan + π
∗
NΩ on T
∗N , the closed 2-form Ω on N corresponds to the magnetic field.
In order to study it S.P.Novikov invented the variational principle of multi-valued function-
als([No][GN][NT][T]), V.I.Arnold introduced the symplectic topology methods( [Ar2][Gi1]). On
the detalied arguments of the history and progress of this question before 1995 the readers may
refer to Ginzburg’s beautiful survey paper [Gi1]. In addition, as showed by Example 3.7 in [Gi1]
or Example 4.2 in [Gi2] one cannot expect that the above question has always a solution. Thus it
becomes very important to study some conditions under which the above question holds.
1Partially supported by the NNSF 19501021 of China.
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1.2 The symplectic topology methods
A well-known question in symplectic geometry is Weinstein conjecture, which claims: every hyper-
surface S of contact type in a symplectic manifold (Q,ω) carries at least a closed characteristic([W]).
Here S is said to be of contact type if there exists a transversal vectorfield X defined on some open
neighbrhood U of S such that LXω = ω([W]). It is not difficult to check that the energy level
Ec = {Hg = c} above cannot be of contact type in the sense if the magnetic field Ω is not exact(
see Remark 1.6.A in §1.6 below). Thus PMMQ is different from the Weinstein conjecture in the
symplectic manifold (T ∗N,ωcan + π
∗
NΩ). Fortunately, motivated by the study of the latter Hofer
and Zehnder introduced an important notion, Hofer-Zehnder symplectic capacity, which can not
only be used to study the Weinstein conjecture but also PMMQ above. Let us first recall it. Given
a symplectic manifold (Q,ω) we denote by H(Q,ω) the subset of C∞(Q,R) consisting of all smooth
functionas with the following properties:
• There exists a compact subset K ⊂ Q \ ∂Q depending on H such that H|Q\K ≡ m(H), i.e.
a constant;
• There exists a nonempty open subset U depending on H such that H|U ≡ 0;
• 0 ≤ H(x) ≤ m(H) for all x ∈ Q.
We shall call H ∈ H(Q,ω) admissible( resp. C-admissible) if it has the property that all T -periodic(
resp. contractible) solutions of x˙ = XH(x) on Q having periods 0 < T ≤ 1 are constant solutions.
Writting Had(Q,ω)( resp. Hcad(Q,ω)) the sets of admissible ( resp. C-admissible) H ∈ H(Q,ω),
we define
CHZ(Q,ω) = sup{m(H) |H ∈ Had(Q,ω)}, C¯HZ(Q,ω) = sup{m(H) |H ∈ Hcad(Q,ω)}.
Obviously, both are symplectic invariants, and it always holds that CHZ(Q,ω) ≤ C¯HZ(Q,ω). C¯HZ
was first introduced in [Lu1]. We still call it Hofer-Zehnder symplectic capacity. As proved by Hofer
and Zehnder([HZ]) and strengthened by Struwe ([St]) if CHZ(Q,ω) < +∞ then for any compact
hypersurface S ⊂ Q and any embedding ı : S× [0, 1]→ Q there exists a set J ⊂ [0, 1] of parameters
of measure 1 such that for every s ∈ J the Hamiltonian flow on ı(S × {s}) carries a periodic orbit.
We have showed in [Lu1][Lu2] that the similar conclusion for C¯HZ still holds. More precisely saying,
if C¯HZ(ı(S × [0, 1]), ω) is finite then for every parameter s in a set J of measure 1 the Hamiltonian
flow on ı(S×{s}) carries a contractible (in ı(S×{s}) ) periodic orbit since ı(S×{s}) has the same
homotopy type as ı(S × [0, 1]). However there exists a difference between CHZ and C¯HZ . That is,
it only satisfies the following monotonicity axiom of weaker form:
For a symplectic embedding ψ : (M1, ω1) → (M2, ω2) of codimension zero, if either M1 is simply
connected or ψ induces an injective homomorphism ψ∗ : π1(M1)→ π2(M2) then it holds that
C¯HZ(M1, ω1) ≤ C¯HZ(M2, ω2).
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Hence if we can prove that for a given c > 0 there exists a sufficiently small number ǫ > 0 such
that CHZ({c − ǫ ≤ Hg ≤ c + ǫ}, ω) < +∞( resp. C¯HZ({c − ǫ ≤ Hg ≤ c + ǫ}, ω) < +∞) then for
generic c′ near c the level Ec′ carries a (resp. contractible in Ec′ ) nonconstant periodic orbit of
XHg .
1.3 Some recent results
Before 1995, for the case of the nonexact magnetic field(i.e. Ω a nonexact form) on the high
dimension the general result is little. For the rational magnetic field, that is, a closed 2-form Ω on
N satisfying
m(N,Ω) = inf{〈[Ω], α〉 > 0 |α ∈ π2(N)} > 0, (1.1)
which is called the rationality index of Ω, we obtained a general result in Corollary E.2 of [Lu1].
Precisely speaking, for any rational closed two-form Ω on a closed smooth manifold M and any
Riemannian metric g on N :=M × R/2πZ we proved that
CHZ({v ∈ T ∗N | ‖v‖g ≤ c}, ωcan + π∗N (p∗1Ω)) < +∞
for sufficiently small c > 0, where p1 : N → M is the natural projection. This implies that there
exists a nonconstant periodic orbit of Hamiltonian vector field XHg on the energy level Ec for
almost all (resp. sufficiently small) c > 0( in the sense of measure theory) if m(M,Ω) = +∞(resp.
0 < m(M,Ω) < +∞). For the periodic motions on the tours under the action of magnetic fields
Ω Mei-Yue Jiang proved that the generic levels of Hg carry a nonconstant periodic orbit provided
that de Rham cohomology class [Ω] is rational ([J1]). Recently, Ginzburg and Kerman removed
the rationality assumption on [Ω] in ([GiK]). It is very surprising that L. Polterovich used Hofer’s
geometry approach to show that if for any nonzero magnetic field Ω and Riemannian metric g
on Tn there exists a sequence of positive energy values ck = ck(g,Ω) → 0 such that every level
{Hg = ck} carries a nonconstant contractible closed orbit([P2]). For the case of the exact magnetic
field readers may refer to [Vi2] [BT].
1.4 The exact Lagrangian embedding and normal submanifolds
Recall that a submanifold L of middle dimension in a symplectic manifold (Q,ω) is called normal
if there is a field of Lagrangian subspaces along L which is transversal to L([Si]). In [P1] it was
proved that each Lagrangian submanifold L, and those submanifolds which are sufficiently C1-close
to L, and each parallelizable totally real submanifold of Q with respect to some J ∈ J (Q,ω) are
all normal.
Example 1.4.A. Every closed orientable 3-dimensional manifold is parallelizable totally real sub-
manifold of C3, and thus a normal submanifold in (C3, ω0). It should be noted that S
3 is such a
manifold and satisfies: H1(S3,R) = H2(S3,R) = 0, but it can not be embedded into (C3, ω0) in
the Lagrangian way because there is no any closed simply connected Lagrangian submanifold in
3
(Cn, ω0). On the other hand, the necessary and sufficient condition of n-dimensional totally real
closed submanifold in Cn was obtained in [A]( also refer to [Th 3.2.4, ALP]).
The following proposition is a key to proof of Theorem 1.5.A. We believe itself to have some
independent importance.
Proposition 1.4.B. Let L be a closed normal submanifold in a symplectic manifold (Q,σ), and
g a Riemannian metric on L. Assume that σ is exact near L, i.e., σ = dτ for some one-form
near L. Then for any c > 0 there exists a 0 < δ0(c) < 1 such that for every 0 < δ ≤ δ0(c) we
have a symplectic embedding of codimension zero Eδ from ({Hg ≤ c}, ωLcan +π∗L(σ|L)) into (Q, 1δσ).
Consequently, for some 0 < δ1 < δ0 and all 0 < δ ≤ δ1 there also exists a symplectic embedding of
codimension zero from ({Hg ≤ c}, ωLcan) into (Q, 1δσ). Moreover, for a given open neighborhood of
L in Q we can require δ > 0 so small that the images of these symplectic embeddings are contained
in this open neighborhood.
From Gromov’s striking theorem that there is no exact Lagrangian embedding of a closed man-
ifold into (R2l, ω0)([Gr]) we immediately obtain the following corollary.
Corollary 1.4.C. For any closed normal submanifold in a symplectic manifold (R2l, ω0) there is
no exact Lagrangian embedding of a closed manifold into T ∗L.
For more results on the generalization of Gromov theorem the readers may refer to [V2][V3].
The monotonicity of the symplectic capacity directly leads to
Corollary 1.4.D. Let L be a closed normal submanifold in a symplectic manifold (Q,σ). If there
exists a neighborhood of L, U such that σ is exact on it and (U , σ) has finite symplectic capacity.
Then for any Riemannian metric g on L and every c > 0 the symplectic manifold ({Hg ≤ c}, ωLcan)
has finite capacity.
1.5 Main results
The manifolds in our main results below will be the product manifold N = M × L of a closed
smooth manifold M and a compact normal submanifold L without boundary of (R2l, ω0). Denote
by PM : N →M is the natural projection to the second factor and by P ∗M : H2de(M ;R)→ H2de(N ;R)
the homomorphism between their second de Rham cohomology groups induced by it. We shall omit
the subscript “de” in the de Rham cohomology groups below. Then P ∗M (H
2(M,R)) is a subspace
of H2(N,R)). Similarily, for any differomorphism φ ∈ Diff(N) we denote by φ∗ the induced
isomorphism between H2(N ;R) and itself. We get a subset of H2(N ;R) as follows
⋃
φ∈Diff(N)
φ∗(P ∗M (H
2(M,R))). (1.2)
It seems to be strange. However, if H2(L,R) = 0 and H1(L,R) = 0 it directly follows from the
Ku¨nneth formula that H2(N,R) and H2(M,R) is isomorphic. Thus in the case the set in (1.2) is
equals to H2(N,R).
Our first result to PMMQ above is
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Theorem 1.5.A. Let N = M × L be a closed smooth manifold M and a compact normal sub-
manifold L without boundary of (R2l, ω0) as above. Ω is a closed two-form on N whose de Rham
cohomology class [Ω] belongs to the set in (1.2). If Ω|π2(N) = 0, then for every Riemannian metric
g on N and c > 0 it holds that
CHZ({Hg ≤ c}, ω) < +∞,
where ω := ωNcan + π
∗
NΩ. Consequently, for generic c > 0 the level Ec = {Hg = c} carries a
nonconstant periodic orbit of XHg . Here XHg is the Hamiltonian vector field determined by iXHgω =
dHg. Specially, if L is simply connected we can also guarantee such generic levels Ec = {Hg = c}
to carry a nonconstant periodic orbit with the contractible projection to N .
Corollary 1.5.B. If H2(L,R) = 0 and π1(M) is a finite group then for any Riemannian metric g
and a closed 2-form Ω on N with Ω|π2(N) = 0 the generic level Ec = {Hg = c} carries a nonconstant
periodic orbit of XHg .
If a submanifold L of (R2l, ω0) is Lagrangian, rather than normal Theorem 1.5.A can be strength-
ened. The following is the second result to PMMQ.
Theorem 1.5.C. Let N = M × L be a product of a closed smooth manifold M and a closed
Lagrangian submanifold L of (R2l, ω0). Ω is a rational closed two-form on N whose de Rham
cohomology class [Ω] belongs to the set in (1.2). Then for every Riemannian metric g on N there is
an upper semi-continuous function ΓgΩ : [0,+∞)→ [0,+∞) ( see (3.13)) such that for every c > 0
with ΓgΩ(c) <
√
m(N,Ω)/π it holds that
lim inf
ǫ→0+
CHZ(U(g, c, ǫ), ω) < π(Γ
g
Ω(c))
2 < m(N,Ω), (1.3)
where U(g, c, ǫ) := {z ∈ T ∗N | c− ǫ ≤ Hg(c) ≤ c+ ǫ}. Consequently, for almost all c′ > 0 near c the
level Ec′ = {Hg = c′} carries a nonconstant periodic orbit of XHg , where XHg is the Hamiltonian
vector field of Hg with respect to the symplectic form ω = ωcan + π
∗
NΩ.
Remark 1.5.D. In Corollary 1.5.C, if we denote by
c(Ω, g) := inf
(φ,Ω̂,α)
‖α‖g,
where ‖α‖g = supz∈N
√
g(α(z), α(z)) and the infimum is taken over all possible (φ, Ω̂, α) satisfying
(2.8). Then when c(Ω, g) is small enough and m(N,Ω) is large enough the inequality
ΓgΩ(c) <
√
m(N,Ω)/π (1.4)
always holds for sufficiently small c > 0.
In fact, for any given sufficiently small ε > 0 we may choose (φ, Ω̂, α) such that ‖α‖g < c(Ω, g)+ε
and the image set of α( as a section) is contained in the image of Υ in (3.4). This is possible if
c(Ω, g) is small enough. Notice that in this case Θ is a symplectomorphism from (T ∗N,ω) to
the symplectic manifold in (3.3) with P ∗L(λ0|L) = 0. Hence for sufficiently small c > 0 the set
Θ({Hg = c}) is also contained in the image of Υ. Denote by
r(c, g,Θ,Υ) := inf{r > 0 |PU [(Υ|Im(Υ))−1 ◦Θ({Hg = c})] ⊆ U ∩ F (Z2l(r)), F ∈ Symp(R2l, ω0)},
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then when m(N,Ω) is so large that r(c, g,Θ,Υ) <
√
m(N,Ω)/π, or more general U ⊂ Z2l(r0) for
some 0 < r0 <
√
m(N,Ω)/π it holds that
ΓgΩ(c) <
√
m(N,Ω)/π.
In some special cases we can get better results. For example, let L = S1 = R/2πZ and Ω a
rational closed 2-form on N =M ×S1 whose de Rham cohomology class belongs to the set in (1.2).
For any Riemannian metric g on N we define the function ΞgΩ : [0,+∞)→ [0,+∞) by
ΞgΩ(c) := inf(Θ,Ω̂,ǫ)
∣∣∣∫
P¯S(Θ((U(g,c,ǫ)))
ωScan
∣∣∣, (1.5)
where the infimum is taken over all pairs (Θ, Ω̂) satisfying Lemma 2.3 and all ǫ > 0.
Our third result to PMMQ is given as follows.
Theorem 1.5.E. Under the above assumptions, if c > 0 is such that ΞgΩ(c) < m(N,Ω) then
lim inf
ǫ→0+
CHZ(U(g, c, ǫ), ω) < π(Ξ
g
Ω(c))
2 < m(N,Ω),
and therefore for almost all c′ > 0 near c the levels {Hg = c′} carries a nonconstant periodic orbit
of XHg , where XHg is the Hamiltonian vector field of XHg with respect to the symplectic form
ω = ωcan + π
∗
NΩ. In addition, the function Ξ
g
Ω is upper semi-continuous, and also satisfies:
ΞgλΩ(λc) = λΞ
g
Ω(c) ∀c > 0, λ > 0. (1.6)
This result can be generalized to the case that L = T n.
Corollary 1.5.F. Let Ω be a rational closed 2-form on N =M × T n whose de Rham cohomology
class belongs to the set in (1.2). Then for any Riemannian metric g on N there exists a nonnegative
upper semi-continuous function Ξ̂gΩ : [0,+∞) → [0,+∞) such that for every c > 0 with Ξ̂gΩ(c) <
m(N,Ω) and almost all c′ > 0 near c the levels {Hg = c′} carries a nonconstant periodic orbit
of XHg , where XHg is the Hamiltonian vector field of Hg with respect to the symplectic form
ω = ωcan + π
∗
NΩ. Specially, the function Ξ̂
g
Ω also satisfies
Ξ̂gλΩ(λc) = λΞ̂
g
Ω(c) ∀c > 0, λ > 0.
With the method of the proof of Corollary 1.5.B and Theorems 1.5.C, 1.5.E we can easily arrive
at the following corollary.
Corollary 1.5.G. In Theorem 1.5.C, 1.5.E, if H2(L,R) = 0 and π1(M) is a finite group then for
any Riemannian metric g and any rational closed 2-form Ω on N the corresponding conclusions
therein hold.
Remark 1.5.H. One may think that it is difficult to determine the values of ΓgΩ and Ξ
g
Ω in the
Theorems and Corollaries above. But we affirm them to be finite numbers, and if Ω|π2(N) = 0
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then m(N,Ω) = +∞ and thus the conditions of these theorems are always satisfied in this case
for all c > 0. On the other hand since the functions ΓgΩ and Ξ
g
Ω are upper semi-continous the sets
{c > 0 |ΓgΩ(c) <
√
m(N,Ω)/π} and {c > 0 |ΞgΩ(c) < m(N,Ω)} are open. Hence if they are not
empty then there exist nonconstant periodic solutions on the levels {Hg = c} for all c in a positive
measure set([St]). On the another hand one may think that it is difficult to understand the meaning
of functions ΓgΩ and Ξ
g
Ω. Our starting points are to attempt using a series of symplectic embeddings
of codimension zero to reduce our question to the case for which Theorem 2.1 may be applied, and
to guarantee each step being optimal so that Theorem 2.1 is best applied. Both functions are to
characterize the optimization in the way of the quantity. If the rationality condition m(M,ω) > 0
in Theorem 2.1 can be removed then our arguments show that the generic energy levels carry a
nonconstant Hamiltonian periodic orbit. However, it is regrettable for us not to be able to remove
this assumption yet.
Our final result to PMMQ is about the case of tours T n. Let Ω be a magnetic field (a closed
2-form) on it, and ω = ωcan+π
∗
TnΩ. As pointed out in §1.3 one had known that for any metric g on
T n generic levels Ec = {Hg = c} in (T ∗T n, ω) carries a nonconstant periodic orbit of XHg([GiK]).
When Ω is not exact we can furthermore obtain
Theorem 1.5.I. If n ≥ 2 and the de Rham cohomology class [Ω] is nonzero then for generic c > 0
the levels Ec = {Hg = c} carries a nonconstant periodic orbit of XHg whose projection to the base
T n is contractible.
1.6 Two remarks
Remark 1.6.A. For a given Riemannian metric g on N and c > 0 we denote by
Σgc := {v ∈ T ∗N | ‖v‖g = c}.
Let a closed two-form Ω on T ∗N be such that ωcan + Ω is a symplectic form on T
∗N . One may
ask whether for sufficiently large c > 0 the hypersuface Σgc is of contact type in the symplectic
manifolds (T ∗N,ωcan +Ω)? If this holds then our partial results may be derived from one in [Vi2].
The following proposition answers this question.
Proposition 1.6. If Ω is not exact the hypersuface Σgc cannot be of contact type in the symplectic
manifolds (T ∗N,ωcan +Ω).
Proof. Assume Σgc to be of contact type for ωcan + Ω, then there exists a sufficiently small ǫ > 0
such that ωcan + Ω is exact on U(g, c, ǫ) := {v ∈ T ∗N | c − ǫ < ‖v‖g < c + ǫ}. Thus there is a
one-form α on U(g, c, ǫ) such that
Ω = dα on U(g, c, ǫ)
because ωcan is always exact. Notice that πN : T
∗N → N induces a natural isomorphism π∗N :
H∗(N,R)→ H∗(T ∗N,R) and π∗N ([Ω|N ]) = [π∗N (Ω|N )] = [Ω], we have π∗N (Ω|N )− Ω = dβ for some
one-form β on T ∗N . Hence
π∗N (Ω|N ) = d(α+ β) on U(g, c, ǫ)
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Take a smooth section F : N → T ∗N of πN such that F (N) ⊂ U(g, c, ǫ)(e.g., F is the zero section)
then as a smooth map from N to T ∗N it satisfies:
F ∗ ◦ π∗N (Ω|N ) = F ∗d(α + β) = d(F ∗(α+ β)).
But F ∗ ◦ π∗N (Ω|N ) = (πN ◦ F )∗(Ω|N ) and πN ◦ F = idN . Hence we get
Ω|N = d(F ∗(α+ β)).
That is, Ω|N is a exact form on N . Denote by γ := F ∗(α + β). Then
Ω = π∗N (Ω|N )− dβ = π∗N (dγ)− dβ = d(π∗Nγ − β),
this leads to a contradiction. ✷
Remark 1.6.B. Our results always deal with manifolds of product forms . These are due to the
limitation of our methods. The following example shows that increasing a factor manifold in the
base manifold will have a real influence on periodic orbits of magnetic fields.
Let M be a compact surface equipped with a metric g0 of constant curvature K = −1 and
Ω the area form on M . From Example 3.7 in [Gi1] we know that if c > 1 on the level Ec there
are no closed characteristic with contractible projections with respect to the symplectic structure
ωM = dλM + π
∗
MΩ. Consider N := M × S3 and ω = dλN + π∗N (p∗MΩ). Here pM : N → M is
the natural projection. Notice that m(M,Ω) = +∞. By Corollary 1.6.C, for any Riemannian
metric g1 and the product metric g = g0 × g1 on N and generic c > 0 the levels Ec := {Hg = c}
carries a nontrivial closed characteristic with the contractible projection to N . On the other hand,
Example 3.7 in [Gi1] showed that for c > 1 the Hamiltonian flow of XHg0 with respect to ωM on
EMc := {Hg0 = c} has no any closed characteristic with contractible projections to M . Notice that
EMc × 0(S3) ⊂ Ec for the zero section 0(S3) of T ∗S3.
Our arguments are the symplectic topology methods. In §2 we give some lemmas and prove
Proposition 1.4.B. The proofs of all theorems and corollaries are given in §3. Finally, some con-
cluding remarks are given in §4.
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2 Some lemmas and proof of Proposition 1.4.B
Let us first recall the following theorem.
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Theorem 2.1([Th C, Lu1]). Let (M,ω) be a strong geometrical bounded symplectic manifold with
m(M,ω) > 0. If r ∈ (0,√m(M,ω)/π) then
C¯HZ(M × Z2n(r), ω ⊕ ω0) ≤ πr2, (2.1)
where Z2n(r) := {(x1, y1, · · · , xn, yn) ∈ R2n |x21 + y21 ≤ r2}.
For CHZ this result was obtained in [FHV][HV] for M closed, and in [Ma] for (M,ω) =
(T ∗Q,ωcan).
In view of our result mentioned in §1.3, a natural question is what conclusions one can get
for a general closed two-form Ω on N rather than on M . It was Professor Claude Viterbo who
asked whether for a given closed two-form on N there exist a closed two-form Ω̂ on M and a
Ψ ∈ Diff(T ∗N) such that
ωcan + π
∗
NΩ = Ψ
∗(ωcan + π
∗
N (P
∗
M Ω̂ + P
∗
L(ω0|L))) ? (2.2)
This idea motivates the studies of this paper.
The following lemma directly follows from the local coordinate arguments.
Lemma 2.2. For any closed 2-form Ω and 1-form α on a manifold N the diffeomorphism Ψ :
T ∗N → T ∗N given by
(m, v) 7→ (m, v + α(m)) (2.3)
satisfies:
Ψ∗(ωcan + π
∗
NΩ) = ωcan + π
∗
NΩ+ π
∗
N (dα). (2.4)
That is, Ψ is a symplectomorphism from (T ∗N,ω1) to (T
∗N,ω), where
ω := ωcan + π
∗
NΩ and ω1 := ωcan + π
∗
NΩ+ π
∗
N (dα). (2.5)
Lemma 2.3 Let N = M × L be as in Theorem 1.5.A. If the de Rham cohomology class [Ω] of a
given closed two-form Ω on N belongs to the set in (1.2) then there exists a closed two-form Ω̂ on
M with
m(N,Ω) = m(M, Ω̂) (2.6)
such that (T ∗N,ω) is symplectomorphic to (T ∗N, ω̂), where ω̂ is given by
ω̂ := ωcan + π
∗
N (P
∗
M Ω̂ + P
∗
L(ω0|L)). (2.7)
Specially, if H2(L,R) = 0 and either H1(M,R) = 0 or H1(L,R) = 0 then for every closed two-form
Ω on N the above conclusions hold.
Proof. Since [Ω] belongs to the set in (1.2) there exists a φ ∈ Diff(N) such that [φ∗Ω] = φ∗[Ω]
belongs to P ∗M (H
2(M,R)), and thus there must exist a closed two-form Ω̂ on M and a one-form α
on N such that
φ∗Ω− P ∗M Ω̂ = dα. (2.8)
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But such φ, Ω̂ and α may not be unique. Notice that φ may lift to a symplectomorphism Φ :
(T ∗N,ωcan)→ (T ∗N,ωcan) by the formula
Φ(m, v) = (φ(m), [dφ(m)−1]∗(v)). (2.9)
They satisfy that πN ◦ Φ = φ ◦ πN : T ∗N → N and therfore
Φ∗ ◦ π∗N = π∗N ◦ φ∗ : Ω2(N)→ Ω2(T ∗N).
By the definition of ω in (2.5) we get
Φ∗ω = ωcan + π
∗
N (φ
∗Ω) = ωcan + π
∗
N (P
∗
M Ω̂) + d(π
∗
Nα) = ω̂ + d(π
∗
N (α− P ∗L(λ0|L))) (2.10)
because ω0 = dλ0 is the standard symplectic form on R
2l. By Lemma 2.2 there exists a diffeomor-
phism Ψ ∈ Diff(T ∗N) given by
(m, v) 7→ (m, v + α(m) − P ∗L(λ0|L)(m)) (2.11)
such that Ψ∗ω̂ = Φ∗ω or (Ψ ◦ Φ−1)∗ω̂ = ω. Then
Θ = Θ(Ω, Ω̂, φ, α) := Ψ ◦ Φ−1 (2.12)
given by
(m, v) 7→
(
φ−1(m), dφ(m)∗(v) + (α− P ∗L(λ0|L))(φ−1(m))
)
(2.13)
is a symplectomorphicism from (T ∗N,ω) to (T ∗N, ω̂). As to (2.6), notice that PM induces a
surjective homomorphism PM∗ : π2(N)→ π2(M) and that φ induces an isomorphism φ∗ : π2(N)→
π2(N), it may follow from (1.1) and the equalities
〈[Ω], β〉 = 〈(φ−1)∗ ◦ φ∗([Ω]), β〉 = 〈φ∗([Ω]), φ−1∗ (β)〉
= 〈P ∗M ([Ω̂]), (φ−1)∗(β)〉 = 〈[Ω̂], PM∗(φ−1∗ (β))〉 ∀β ∈ π2(N).
The final claim is a direct consequence of Ku¨nneth formula because in this case PM induces an
isomorphism P ∗M : H
2(M,R)→ H2(N,R). Consequently, Lemma 2.3 holds. ✷
In order to prove Theorem 1.5.A we also need the following lemma, which perhaps goes back
to the early work of Weinstein and Givental.
Lemma 2.4(cf.[P1, Prop.1.9] and [Si, Th. 2.4]). For a closed normal submanifold L in a symplectic
manifold (Q,σ) and the restriction σ|L there exists an open neighbourhood U of L in Q and an
embedding ϕ : U → T ∗L such that ϕ(L) coincides with the zero section of T ∗L and ϕ∗(ωLcan +
π∗L(σ|L)) = σ.
For a closed smooth manifold L of dimension l we choose an atals {(Uα, α)} consisting of m
local coordinate charts. We also require each α(Uα) to be equal to the unit ball B
l centred at
origin in Rl. For q ∈ Uα let α(q) = (xα1 (q), · · · , xαl (q)). It induces an obvious bundle trivialization
Φα : T
∗Uα → Bl × Rl given by
(q, v∗) 7→ (xα1 (q), · · · , xαl (q); yα1 (q, v∗), · · · , yαl (q, v∗)),
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where yαi (q, v
∗) are determined by v∗ ◦ dπL(q, v∗) =
∑l
j=1 y
α
j (q, v
∗)dxαj (q). The following lemma is
very key to the proof of Theorem 1.5.A.
Lemma 2.5. Let g be a Riemannian metric on L and λ a 1-form on L. Then for given positive
numbers a and ǫ ≤ 1 there exist bǫ > 0 and a smooth function Ka,ǫ : T ∗L→ [0, 1] such that
(i) Ka,ǫ(v
∗) = 1 for ‖v∗‖g ≤ a, and Ka,ǫ(v∗) = 0 for ‖v∗‖g ≥ bǫ;
(ii) for Kαa,ǫ := (Φ
−1
α )
∗Ka,ǫ : B
l × Rl → [0, 1] and λα = (α−1)∗λ =∑li=1 λαi dxαi it holds that
∣∣∣∣
l∑
i=1
∂Kαa,ǫ
∂yαi
λαi
∣∣∣∣ < ǫ;
(iii) AωLcan + Ad(π
∗
Lλ) + t(1 − A)d(Ka,ǫπ∗Lλ) are symplectic forms on T ∗L for every A > 1 and
t ∈ [−1, 1].
Proof. Choose a smooth function γ : [0,∞) → [0, 1] such that (i) γ(t) = 1 for t ≤ 1, (ii) γ(t) = 0
for t ≥ 3, (iii) |γ′(t)| ≤ 1. For each ε > 0 we define
γa,ε(t) := γ(εt+ 1− aε).
Then γa,ε(t) = 1 for t ≤ a, γa,ε(t) = 0 for t ≥ a + 2/ε, and |γ′a,ε(t)| ≤ ε for all ε > 0. Denote
by Ha,ε((q, v
∗)) = γa,ε(‖v∗‖g). It is clearly smooth. Moreover, the local expression of it, Hαa,ε :=
(Φ−1α )
∗Ha,ε, is given by
Hαa,ε(x
α
1 , · · · , xαl ; yα1 , · · · , yαl ) = γa,ε
(√√√√√ l∑
i,j
gαij(x)y
α
i y
α
j
)
.
Thus
∂Hαa,ε
∂yαi
(xα, yα) = γ′a,ε
(√√√√√ l∑
i,j
gαij(x
α)yαi y
α
j
) ∑l
j=1 g
α
ij(x
α)yαj√∑l
i,j g
α
ij(x
α)yαi y
α
j
. (2.14)
Denote by
c(λ) := max{|λαi (x)| | x ∈ α(Uα), 1 ≤ i ≤ l, 1 ≤ α ≤ m}.
Notice that there exists a constant C(g) > 0 such that
∑l
i,j |gαij(xα)||yαj |√∑l
i,j g
α
ij(x
α)yαi y
α
j
≤ C(g)
for all xα ∈ α(Uα) and yα and 1 ≤ α ≤ m. We get
∣∣∣ l∑
i=1
∂Hαa,ε
∂yαi
(xα, yα)λαi (x
α)
∣∣∣ ≤ l∑
i=1
∣∣∣∂Hαa,ε
∂yαi
(xα, yα)
∣∣∣|λαi (xα)| ≤ εc(λ)C(g) (2.15)
for all xα ∈ α(Uα) and yα and 1 ≤ α ≤ m. Hence it suffices to choose ε0 = ε0(ǫ) > 0 such that
ε0C(g)c(λ) < ǫ.
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Then Ka,ǫ := Ha,ε0 satisfies (i)(ii).
As to (iii), note that AωLcan +Ad(π
∗
Lλ) + t(1−A)d(Ka,ǫπ∗Lλ) has the following local expression
A
[ l∑
i=1
dxαi ∧ dyαi +
l∑
i,j
∂λαj
∂xαi
dxαi ∧ dxαj
]
+
t(1−A)
[
Hαa,ε0
l∑
i,j
∂λαj
∂xαi
dxαi ∧ dxαj +
l∑
i,j
∂Hαa,ε0
∂xαi
λαj dx
α
i ∧ dxαj −
l∑
i,j
∂Hαa,ε0
∂yαj
λαi dx
α
i ∧ dyαi
]
,
whose matrix in the natural basis ∂/∂xα1 , · · · ∂/∂xαl ; ∂/∂yα1 , · · · ∂/∂yαl is S =

 Sxx Sxy
−Stxy Syy

. Here
Syy = 0, Sxx = (aij) and Sxy = AIl − t(1−A)(bij). The matrix elements aij and bij are given by
aij = A
(
∂λαj
∂xαi
− ∂λ
α
i
∂xαj
)
+ t(1−A)
[
Hαa,ε0(
∂λαj
∂xαi
− ∂λ
α
i
∂xαj
) +
∂Hαa,ε0
∂xαi
λαj −
∂Hαa,ε0
∂xαj
λαi
]
, (2.16)
bij =
∂Hαa,ε0
∂yαj
λαi . (2.17)
Notice that S is nonsingular if and only if Sxy is so. Assume that Sxyζ = 0 for some vector
ζ = (ζ1, · · · , ζl)t in Rl. Then it holds that
Aζ = t(1−A)(λα1 , · · · , λαl )t
(∂Hαa,ε0
∂yα1
, · · · , ∂H
α
a,ε0
∂yαl
)
ζ = t(1−A)
( l∑
i=1
∂Hαa,ε0
∂yαi
ζi
)
(λα1 , · · · , λαl )t.
It follows that ζ = B(λα1 , · · · , λαl )t for some B ∈ R. If ζ 6= 0 then it holds that
2A
A− 1 = t
l∑
i=1
∂Hαa,ε0
∂yαi
λαi . (2.18)
By (ii) the absolute value of the right hand of (2.18) is less than ǫ < 1, and the left hand of it is
more than 2 for every A > 1. This contradiction shows that S is nonsingular. ✷
Having this key lemma we can prove Proposition 1.4.B as follows.
Proof of Proposition 1.4.B. Without loss of generality we may assume (Q,σ) to be exact. By
Lemma 2.4 there exists an open neighbourhood U of L in Q and an embedding ϕ : U → T ∗L such
that ϕ(L) coincides with the zero section of T ∗L and ϕ∗(ωLcan + π
∗
L(σ|L)) = σ. Applying Lemma
2.5 to λ = τ |L, a = 2c and ǫ = 1 we get a b1 > 0 and a smooth function Ka,1. Let us take δ0(c) > 0
so small that the diffeomorphism Φδ : T
∗L→ T ∗L given by
(m, v) 7→ (m, δ0v) (2.19)
satisfies:
Φδ0({Hg ≤ 2b1}) ⊂ ϕ(U). (2.20)
Notice that Φδ is a symplectomorphis from ({Hg ≤ 2b1}, ωLcan + π∗L(σ|L)) to
(Φδ({Hg ≤ 2b1}), 1
δ
ωLcan + π
∗
L(σ|L)) 2.21)
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for any 0 < δ ≤ δ0. Denote by ωδ,t := 1δωLcan+ 1δd(π∗Lλ)+t(1− 1δ )d(Ka,1π∗Lλ) for every 0 < δ ≤ δ0 and
t ∈ [0, 1]. By Lemma 2.5 (iii) they are symplectic forms on T ∗L. Moreover, ωδ,1 and 1δωLcan+π∗L(σ|L)
are same on Φδ({Hg ≤ 2c}). By the construction of ωδ,t in lemma 2.5 we have
ϕ∗ωδ,t =
1
δ
σ + t(1− 1
δ
)d(ϕ∗(Kαa,1π
∗
L(τ |L))). (2.22)
They are all symplectic forms on U and equal to 1
δ
σ near ∂U . Let us denote by ω̂δ,t = 1δσ + t(1−
1
δ
)d(ϕ∗(Kαa,1π
∗
L(τ |L))) for t ∈ [0, 1]. Since ω̂δ,t may naturally be extended onto symplectic forms on
Q by assuming them being 1
δ
σ outside U we still denote them by ω̂δ,t. Using Moser’s technique one
can show that there exists a diffeomorphism F ∈ Diff(Q) such that
F ∗(
1
δ
σ) = ω̂δ,1. (2.23)
Then the desired embedding Eδ is given by the composition
F ◦ ϕ−1 ◦ Φδ|{Hg≤c}. (2.24)
The second claim follows from the first one and Lemma 2.2. For the third claim note that F
may be identity outside U . ✷
3 Proof of the main results
3.1 Proofs of Theorem 1.5.A and Corollary 1.5.B
Proof of Theorem 1.5.A. Our idea of proof is to show that CHZ({Hg ≤ c}, ω) is finite for any
c > 0. For this purpose we first use Lemma 2.3 to get a symplectomorphism Θ from (T ∗N,ω) to
(T ∗N, ω̂) = (T ∗M,ωMcan + π
∗
M Ω̂)× (T ∗L,ωLcan + π∗L(ω0|L)). (3.1)
Here ω̂ and Ω̂ are given by (2.7) (2.8) respectively. Since the symplectic capacity is symplectic
invariant we only need to prove that CHZ({Hg ≤ c}, ω̂) is finite for all c > 0. Fix a c > 0 and take
the Riemannian metric g1 on M and g2 on L. Then there exist positive numbers c1 and c2 such
that {z1 ∈ T ∗M |Hg1(z1) ≤ c1} × {z2 ∈ T ∗L |Hg2(z2) ≤ c2} contains {Hg ≤ c}. Therefore we only
need to prove
CHZ({Hg1 ≤ c1} × {Hg2 ≤ c2}, (ωMcan + π∗M Ω̂)⊕ (ωLcan + π∗L(ω0|L))) < +∞. (3.2)
By Proposition 2.6 there exist a δ > 0 and a symplectic embedding of codimension zero Eδ from
({z2 ∈ T ∗L |Hg2(z2) ≤ c2}, ωLcan + π∗L(ω0|L)) into (R2l, 1δω0). We may assume the image of it to be
contained in Z2l(R) for some large R > 0 since this image set is compact. Hence the monotonicity
of the symplectic capacity implies that the left hand of (3.2) is less than
CHZ({z1 ∈ T ∗M |Hg1 ≤ c1} × Z2l(R), , (ωMcan + π∗M Ω̂)⊕
1
δ
ω0)
< CHZ(T
∗M × Z2l(R), (ωMcan + π∗M Ω̂)⊕
1
δ
ω0)
≤ πR
2
δ
< +∞.
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Here in the final step we use Theorem 2.1 and fact that
m(T ∗M,ωMcan + π
∗
M Ω̂) = m(M, Ω̂) = m(M,Ω) = +∞.
If L is simply connected it follows from the arguments above and remarks in [Lu2] that
C¯HZ(T
∗N,ω) < +∞. This completes proof of Theorem 1.5.A. ✷
Proof of Corollary 1.5.B. Since π1(M) is a finite group we choose a simply connected finite cover
qM : M˜ → M . Denote by N˜ := M˜ × L. Notice that H2(L,R) = 0. It directly follows from the
Ku¨nneth formula that H2(N˜ ,R) and H2(M˜,R) is isomorphic, and thus
⋃
φ∈Diff(N˜)
φ∗(P ∗
M˜
(H2(M˜,R))) = H2(N˜ ,R).
That is, the requirement that the de Rham cohomology class of the related closed 2-form belongs
to the set in (1.2) corresponding to N˜ can always be satisfied.
Denote by q˜M := qM × idL, and
Q˜M : T
∗N˜ → T ∗N : (m, v) 7→ (q˜M (m), [dq˜M (m)−1]∗(v)).
For Ω˜ := q˜∗MΩ it is easily checked that
ω˜ := ωN˜can + π
∗
N˜
Ω˜ = Q˜∗M(ω
N
can + π
∗
NΩ) and m(N˜ , Ω˜) = m(N,Ω).
Applying Theorem 1.5.A to the symplectic manifold (T ∗N˜ , ωN˜can + π
∗
N˜
Ω˜) and the pullback
metric g˜ := q˜∗Mg we may get a nonconstant Hamiltonian periodic orbit on the generic levels
{z ∈ T ∗N˜ |Hg˜(z) = c} of XHg˜ which is the Hamiltonian vector field of Hg˜ with respect to the
symplectic form ω˜. Notice that the submersion Q˜M maps a nonconstant Hamiltonian periodic
orbit of XHg˜ on {z ∈ T ∗N˜ |Hg˜(z) = c} to a nonconstant one on {z ∈ T ∗N |Hg(z) = c} of XHg with
respect to ω. Corollary 1.5.B is proved. ✷
3.2 Proof of Theorem 1.5.C
The ideas are similar to that of Theorem 1.5.A. Since L is a closed Lagrangian submanifold of
(R2l, ω0) one can directly use Weinstein’s Lagrangian neighborhood theorem to get a symplectic
embedding ϕ : (U , ω0) → (T ∗L,ωLcan) with ϕ|L = id. Here U is an open neighborhood of L in
R
2l. As in the proof of Theorem 1.5.A we have a closed 2-form Ω̂ on M determined by (2.8) and a
symplectomorphism Θ from (T ∗N,ω) to
(T ∗N, ω̂) := (T ∗M,ωMcan + π
∗
M Ω̂)× (T ∗L,ωLcan). (3.3)
Moreover, we have also a symplectic embedding of codimension zero
Υ : (T ∗M,ωMcan + π
∗
M Ω̂)× (U , ω0)→ (T ∗M,ωMcan + π∗M Ω̂)× (T ∗L,ωLcan) (3.4)
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given by (z1, z2) 7→ (z1, ϕ(z2)), whose the image is an open neighborhood of zero section of T ∗N .
For a given level Ec = {z ∈ T ∗N |Hg(z) = c} with c > 0 we can not guarantee that Θ(Ec)
is contained in the image of Υ because Θ does not necessarily map the zero section to the zero
section. But we can always take a δ > 0 so small that the diffeomorphism Ψδ : T
∗N → T ∗N given
by
(m, v) = ((m1,m2), (v1, v2)) 7→ ((m1,m2), (v1, δv2)), (3.5)
maps Θ(Ec) into Im(Υ). Let us denote by
δ¯ = δ¯(c, g,Θ,Υ) > 0 (3.6)
the supreme of all such δ > 0. Then for every δ ∈ (0, δ¯) it holds that
Ψδ(Θ(Ec)) ⊂ Im(Υ). (3.7)
For such δ, the composition (Υ|Im(Υ))−1 ◦ Ψδ ◦ Θ is a symplectic embedding of codimension zero
from an open submanifold of (T ∗N,ω) containing Ec to
(T ∗M,ωMcan + π
∗
M Ω̂)× (U , ω0/δ). (3.8)
Denote by
Λ(Υ, δ,Θ, g, c) := PU [(Υ|Im(Υ))−1 ◦Ψδ ◦Θ(Ec)], (3.9)
where PU : T
∗M × U → U is the natural projection. It is a compact subset of open set U and is
contained in U ∩ Z2l(r) for some r > 0. Let us define
r(δ, c, g,Θ,Υ) (3.10)
the infimum of all r > 0 such that
Λ(Υ, δ,Θ, g, c) ⊆ U ∩ F (Z2l(r))
for some F ∈ Symp(R2l, ω0)}. We also define
r(δ¯, c, g,Θ,Υ) = inf
0<δ<δ¯
r(δ, c, g,Θ,Υ)/
√
δ, (3.11)
where Z2l(r) is as in Theorem 2.1, then we easily prove that 0 < r(δ¯, c, g,Θ,Υ) < +∞ since U is a
bounded open subset of R2l. Moreover, for each R > r(δ, c, g,Θ,Υ) there exists a F ∈ Symp(R2l, ω0)
such that
Λ(Υ, δ,Θ, g, c) ⊆ U ∩ F (Z2l(R)).
Furthermore, we define
r(c, g,Ω) := inf r(δ¯, c, g,Θ,Υ), (3.12)
where the infimum is taken over all possible (Θ,Υ) satisfying the above arguments. Then the
function
ΓgΩ : [0,+∞)→ [0,+∞), c 7→ r(c, g,Ω) (3.13)
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will satisfy the requirements of Theorem 1.5.C. To see these let c > 0 such that
ΓgΩ(c) <
√
m(N,Ω)/π. (3.14)
Then by (3.12) (3.13) we have
r(δ¯, c, g,Θ,Υ) <
√
m(N,Ω)/π (3.15)
for some choice (Θ,Υ), and therefore from (3.11) it follows that there exists a δ ∈ (0, δ¯) such that
r(δ, c, g,Θ,Υ)/
√
δ <
√
m(N,Ω)/π. (3.16)
Let ε > 0 satisfy
(r(δ, c, g,Θ,Υ) + ε)/
√
δ <
√
m(N,Ω)/π. (3.17)
Then by the definition of r(δ, c, g,Θ,Υ) in (3.10) there exists a F ∈ Symp(R2l, ω0) such that
Λ(Υ, δ,Θ, g, c) ⊆ U ∩ F (Z2l(r(δ, c, g,Θ,Υ) + ε)).
Note that the left side is a compact subset and the right side is an open set. This implies that for
sufficiently small ǫ > 0
PU [(Υ|Im(Υ))−1 ◦Ψδ ◦Θ(U(g, c, ǫ))] ⊆ U ∩ F (Z2l(r(δ, c, g,Θ,Υ) + ε)).
Hence Υ|Im(Υ))−1 ◦ Ψδ ◦ Θ(U(g, c, ǫ)) is contained in T ∗M × U ∩ F (Z2l(r(δ, c, g,Θ,Υ) + ε)). This
implies that the map (id× F )−1 ◦ (Υ|Im(Υ))−1 ◦Ψδ ◦Θ symplectically embeds (U(g, c, ǫ), ω) into
(T ∗M,ωMcan + π
∗
M Ω̂)× (Z2l(r(δ, c, g,Θ,Υ) + ε), ω0/δ). (3.18)
Using Theorem 2.1 and the fact that (3.18) is symplectomorphic to
(T ∗M,ωMcan + π
∗
M Ω̂)× (Z2l([r(δ, c, g,Θ,Υ) + ε]/
√
δ), ω0), (3.19)
we obtain that
CHZ(U(g, c, ǫ), ω) ≤ π
(
[r(δ, c, g,Θ,Υ) + ε]/
√
δ
)2
.
Hence (3.17) gives
lim inf
ǫ→0+
CHZ(U(g, c, ǫ), ω) < m(N,Ω).
The monotonicity of symplectic capacity CHZ leads to (1.3) directly.
Finally, we prove that the function ΓgΩ is upper semi-continuous. To this goal we only need to
prove that the function c 7→ r(δ, c, g,Θ,Υ) defined in (3.19) is upper semi-continuous. Fix a c > 0
and a real number λ > r(δ, c, g,Θ,Υ), we wish to prove that if c′ > 0 is sufficiently close to c then
λ > r(δ, c′, g,Θ,Υ).
Otherwise, assume that there exists a sequence of cn > 0 such that
cn → c (n→∞) and λ ≤ r(δ, cn, g,Θ,Υ). (3.20)
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Taking sufficiently small ǫ > 0 such that
λ− 2ǫ > r(δ, c, g,Θ,Υ),
then by (3.10) we have
Λ(Υ, δ,Θ, g, cn) 6⊆ U ∩ F (Z2l(λ− ǫ)), ∀F ∈ Symp(R2l, ω0).
On the other hand when n → ∞ the compact subsets Λ(Υ, δ,Θ, g, cn) converges to the compact
subset Λ(Υ, δ,Θ, g, c) in the Hausdorff metric (even stronger sense). Hence for every open neigh-
borhood V of Λ(Υ, δ,Θ, g, c) the sets Λ(Υ, δ,Θ, g, cn) can be contained in V for sufficiently large
n. If we understand the cyclinder Z2n(r) in Theorem 2.1 as the open cyclinder, then for any fixed
F ∈ Symp(R2l, ω0) the set U ∩ F (Z2l(λ− 2ǫ)) is an open neighborhood of Λ(Υ, δ,Θ, g, c) and thus
Λ(Υ, δ,Θ, g, cn) ⊆ U ∩ F (Z2l(λ− 2ǫ))
for sufficiently large n. This shows that
r(δ, cn, g,Θ,Υ) ≤ λ− 2ǫ,
which contradicts (3.20).
By the problem F.(d) on the page 101 of [K] it is easy to know that the function c 7→
r(δ¯, c, g,Θ,Υ) and thus c 7→ r(c, g,Ω) are upper semi-continous. The proof of Theorem 1.5.C
is completed. ✷
Remark 3.2.A From the proof of Theorem 1.5.C we may see that the condition Ω|π2(N) = 0 may
be weakened to the case that m(N,Ω) is only finite positive number. We here do not pursue it.
3.3 Proofs of Theorem 1.5.E and Corollary 1.5.F
Proof of Theorem 1.5.E Let c > 0 such that ΞgΩ(c) < m(N,Ω). For any ε > 0 satisfying Ξ
g
Ω(c) +
2ε < m(N,Ω), by (1.5), we have (Θ, Ω̂) and ǫ > 0 such that
∣∣∣∫
P¯S(Θ((U(g,c,ǫ)))
ωScan
∣∣∣ < ΞgΩ(c) + ε. (3.21)
Since P¯S(Θ((U(g, c, ǫ))) ⊂ S1 × R and the symplectomorphisms on 2-dimensional symplectic man-
ifolds are equivalient to the diffeomorphisms presvering area we may find a symplectic embedding
F from P¯S(Θ((U(g, c, ǫ))) into a disk B
2 of area ΞgΩ(c) + 2ε centred at origin in R
2. Then id × F
symplectically embeds (U(g, c, ǫ), ω) into (T ∗M,ωMcan + π
∗
M Ω̂) × (B2, ω0). Thus by Theorem 2.1 it
holds that
CHZ(U(g, c, ǫ), ω) ≤ ΞgΩ(c) + 2ε < m(N,Ω).
Using the same reason as in the proof of Theorem 1.5.C one can get conclusions.
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In order to prove (1.6), we denote by Θα
Ω̂
and Θλα
λΩ̂
the corresponding symplectomorphisms to
(Ω, Ω̂, α) and (λΩ, λΩ̂, λα) constructed in (2.8) and (2.12) respectively, then it is easily checked
that
ΘαΩ(U(g, c, ǫ)) = {(φ−1(m), dφ(m)∗(v) + α(φ−1(m))) | (m, v) ∈ U(g, c, ǫ)},
ΘλαλΩ(U(g, λc, λǫ)) = {(φ−1(m), λ[dφ(m)∗(v) + α(φ−1(m))]) | (m, v) ∈ U(g, c, ǫ)}
and thus ∫
P¯S(Θ
λα
λΩ
(U(g,λc,λǫ)))
ωScan = λ
∫
P¯S(Θ(U(g,c,ǫ)))
ωScan.
This can lead to (1.6). The upper semi-continousity of the function ΞHΩ may be proved similarily
as in Theorem 1.5.C. ✷
Proof of Corollary 1.5.F Under the assumptions of Corollary 1.5.F we have a closed two-form
Ω̂1 on M with m(N,Ω) = m(M, Ω̂1) and a diffeomorphism Θ1 ∈ Diff(T ∗N) such that ω = Θ∗1ω̂1,
where
ω̂1 := ωcan + π
∗
N (P
∗
M Ω̂1).
WrittingM :=M×T n−1 and N =M×S1, it is easily checked that the closed two-form Ω2 := P ∗M Ω̂1
on N satisfies the requirements of Theorem 1.5.E. For ω̂1 = ωcan + π
∗
N Ω̂2 we can obtain a closed
two-form Ω̂3 on M and a diffeomorphism Θ2 ∈ Diff(T ∗N) such that Θ2ω̂∗2 = ω̂1, where
ω̂2 := ωcan + π
∗
N (P
∗
M
Ω̂2).
Denote by Θ = Θ1 ◦Θ2 and set
Ξ̂gΩ(c) := inf(Θ,Ω̂1,Ω̂2,ǫ)
∣∣∣∫
P¯S(Θ((U(g,c,ǫ)))
ωScan
∣∣∣, (3.22)
where the infimum is taken over all triples (Θ, Ω̂1, Ω̂2) satisfying the above arguments and all ǫ > 0.
Then it is easily proved that for every c > 0
lim
ǫ→0+
CHZ(U(g, c, ǫ), ω) ≤ Ξ̂gΩ(c) < m(N,Ω) (3.23)
if Ξ̂gΩ(c) < m(N,Ω), where we use that m(N,Ω) = m(M, Ω̂1) = m(M, Ω̂2). Specially, similar to
the proof of (1.6) in Theorem 1.5.E Ξ̂gΩ also satisfies:
Ξ̂gλΩ(λc) = λΞ̂
g
Ω(c). (3.24)
for all λ > 0 and c > 0. The proof is completed. ✷
3.4 Proof of Theorem 1.5.I
Case 1. n > 2.
Notice that T ∗T n = T n × Rn. We may denote by (x1, · · · , xn; y1, · · · , yn) the coordinate in
it. For the sake of clearness we give some reductions, which are, either more or less, contained in
18
[Gi1][GiK][J2]. Since [dxi∧dxj ]( 1 ≤ i < j ≤ n) form a basis of vector space H2de(T n;R), and every
closed two-form Ω on T n must have the following form:
Ω =
∑
i,j
qij(x)dxi ∧ dxj,
where the smooth function qij(x) = −qji(x) are 1-periodic for each variable xi. From them it
follows that there exist constants cij such that
[Ω] =
∑
i<j
cij [dxi ∧ dxj ].
In fact cij =
∫
Tn qij(x). Setting bij =
1
2cij then there exists a 1-form α on T
n such that
Ω =
∑
i,j
bijdxi ∧ dxj + dα.
Moreover, [Ω] 6= 0 if and only if there at least exists a bij 6= 0. We may write α as
α =
n∑
i=1
ai(x)dxi,
where the smooth functions ai(x) are 1-periodic for each variable xi. It is easy to see that the
transformation ψ : T n×Rn → T n×Rn : (x, y) 7→ (X,Y ) = (x, y−a(x)) is a symplectmorphism from
(T n×Rn, ω) to (T n×Rn,∑ni=1 dXi∧dYi+∑i,j bijdXi∧dXj), where ω :=∑ni=1 dxi∧dyi+Ω. Now
there at least exists a bij 6= 0. It is this condition which leads to one to be able prove that (T n×Rn, ω)
is symplectomorphic to the product (R2k×W1, ω0⊕σ) with k ≥ 1([GiK]), where ω0 is the standard
symplectic form on R2k and σ is a translation-invariant symplectic form on W1 = R
n−2k × T n .
Note that here the assumption n > 2 is used. Let us denote the symplectomorphism by φ. For a
given metric g on T n and c > 0 we also denote by
Uc = {(x, y) ∈ T n × Rn | g(x)(y, y) ≤ c2},
then there exists a rc > 0 such that
φ(Uc) ⊂W1 ×B2r(rc).
Denote by Vc =W1 ×B2r(rc) and the inclusion maps
IUc : Uc →֒ T n × Rn, Iφ(Uc) : φ(Uc) →֒ R2k ×W1
Iφ(Uc)Vc : φ(Uc) →֒ Vc, IVc : Vc →֒ R2k ×W1.
We have the following commutative diagram:
T n × Rn ✲φ
❄
IUc
R
2k ×W1
❄
Iφ(Uc)
Uc ✲
φ|Uc
φ(Uc)
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Then the induced homomorphisms among their first homotopy groups satisfy:
φ∗ ◦ IUc∗ = Iφ(Uc)∗ ◦ (φ|Uc)∗.
Since φ∗, IUc∗ and (φ|Uc)∗ are all isomorphisms the homomorphism Iφ(Uc)∗ is also an isomorphism.
But Iφ(Uc) = IVc ◦ Iφ(Uc)Vc . We get that Iφ(Uc)∗ = IVc∗ ◦ Iφ(Uc)Vc∗. This implies that Iφ(Uc)Vc∗ :
π1(φ(Uc)) → π1(Vc) must be injective. Using Theorem 2.1 and the weak monotonicity of C¯HZ we
have:
C¯HZ(Uc, ω) ≤ C¯HZ(Vc, ω0 ⊕ σ) ≤ C¯HZ(B2k(rc)×W1, ω0 ⊕ σ) ≤ πr2c .
Hence, for generic c > 0 the level Ec carries a nonconstant periodic orbit z = z(t) of XHg , which
is contractible in Uc. Since the fibre projection from Uc to T
n induces an isomorphism π1(Uc) →
π1(T
n) the projection of z = z(t) to the base T n is contractible. This leads to our claim.
Case 2. n = 2.
Denote by σ0 the standard symplectic form on T
2. Since [Ω] 6= 0 there exists a constant c0 6= 0
such that [Ω] = c0[σ0]. In particular, Moser theorem shows that (T
2,Ω) is symplectomorphic to
(T 2, c0σ0). Notice that there exists a symplectomorphism from (T
∗T 2, ω) to (T 2×R2,Ω⊕ω0) which
maps the zero section to T 2×{0} for the standard symplectic form ω0 on R2. They together must
induce such a symplectomorphism Ψ from (T ∗T 2, ω) to (T 2 × R2, (c0σ0)⊕ ω0). Now for any Uc as
above there exists a rc > 0 such that Ψ(Uc) ⊂ T 2×B2(rc). It is easily checked that Ψ also induces an
injective map Ψ∗ : π1(Uc)→ π1(T 2×B2(rc)). Hence C¯HZ(Uc, ω) ≤ C¯HZ(T 2×B2(rc), (c0σ0)⊕ω0) ≤
πr2c . This leads to the conclusion again. ✷
4 The concluding remarks
Our methods can actually be used to deal with a more general question than PMMQ above.
Definition 4.1. A smooth, bounded from below functiom H :M → R is called strong proper if
the sublevel {z ∈M |H(z) ≤ c} is compact for every c ∈ Im(H).
Clearly, Hg is a strong proper on T
∗N . Let H : T ∗N → R a strong proper function and
ω := ωcan +Ω (4.1)
is a symplectic form on T ∗N , where Ω is a closed 2-form on T ∗N . One may ask the following more
general question:
Question 4.2. Does the Hamiltonian flow of H with respect to the symplectic form in (4.1) has
a nonconstant periodic orbit on the level {H = c} for every c ∈ Im(H)?
The proof of Theorem 1.5.A can suitably be modified to show
Theorem 4.3 Let N = M × L be in Theorem 1.5.A. Suppose that a closed two-form Ω on T ∗N
such that
(i) the 2-form ω := ωcan +Ω is a symplectic form on T
∗N and Ω|π2(T ∗N) = 0;
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(ii) there is a A ∈ Symp(T ∗N,ωcan) such that [(A∗Ω)|N ] belongs to the set in (1.2), and (T ∗N,ωcan+
A∗Ω) is symplectomorphic to (T ∗N,ωcan + π∗N ((A∗Ω)|N )).
Then for every strong proper smooth function H : T ∗N → R and every c ∈ Im(H) it holds that
CHZ({H ≤ c}, ω) < +∞.
Consequently, for almost all c ∈ Im(H) the levels {H = c} carries a nonconstant periodic orbit of
XH , where XH is contraction by iXHω = dH. Furthermore, if L is simply connected, and an regular
value c0 ∈ Im(H) is such that the inclusion {H ≤ c0} →֒ T ∗N induces an injective homomorphism
π1({H ≤ c0}) → π1(T ∗N) then for generic c near c0 the levels {H = c} carries a nonconstant
periodic orbit of XH with the contractible projection to N .
For other theorems and corollaries in this paper similar results may also be obtained. We omit
them.
Remark 4.4. One may feel that checking the condition (ii) in Theorem 4.3 is difficult. But under
some cases the first claim of it implies the second one. In fact, since πN : T
∗N → N induces an
isomorphism π∗N : H
2(N,R)→ H2(T ∗N,R) we have [A∗Ω] = [π∗N ((A∗Ω)|N )], and thus
A∗Ω− π∗N ((A∗Ω)|N ) = dα
for some one-form α on T ∗N . Using Moser’s technique one can prove that if all two-forms
ωcan + π
∗
N ((A∗Ω)|N ) + tdα, 0 ≤ t ≤ 1,
are symplectic forms, and α satisfies some conditions( for example, the norm |α| with respect to
some complete metric on T ∗N is bounded), then the second claim in (ii) may be satisfied.
References
[Ar1] V.I. Arnold, Some remarks on flows of linear elements and frame, Dokl. Akad. Nauk SSSR,
138(2)(1961), 255-257.
[Ar2] V.I. Arnold, First steps of symplectic topology, Russian Math. Surveys, 41(6)(1986), 1-21.
[Au] M. Audin, Fibre´ normaux d’immersions en dimension moitie´, points doubles d’immersions
lagrangiennes et plongements totalement re´els, Comment. math. Helv. 63(1988), 593-623.
[ALP] M. Audin, F. Lalonde, L. Polterovich, Symplectic rigidity: Lagrangian submanifolds., in
Holomorphic curves in symplectic geometry( M.Audin and J.Lafontaine ed), Progress in Math-
ematics, vol.117, Birkha¨user, 1994, pp. 271-321.
[BT] A. Bahri and I. A. Taimanov, Periodic orbits in magnetic fields and Ricci curvature of La-
grangian systems, Trans. Amer. Math. Soc. 350(1998),2697-2717.
21
[Gi1] V. I. Ginzburg, On closed trajectories of a charge in a magnetic field. An application of
symplectic geometry. Contact and Symplectic. Ed. C. B. Thomas, Cambridge University Press,
1996, pp. 131-148.
[Gi2] V. I. Ginzburg, Hamiltonian dynamical systems without periodic orbits, math.DG/9811014
v2, Jan, 1999.
[GiK] V. I. Ginzburg and E. Kerman, Periodic orbits in magnetic fields in dimensions greater than
two, math.DG/9902148 v2, May 1999.
[Gr] M. Gromov, Pseudoholomorphic curves in symplectic manifolds. Inv. Math., 82 (1985), 307–
347.
[GN] P.G. Grinevich and P.S. Novikov, Nonselfintersecting magnetic orbits on the plane. Proof of
the overthrowing of cycles principle, in Topics in Topology and Mathematical Physics by S.P.
Novkov(editor), Transl. of the AMS, Ser. 2, Vol. 170, (advances in Mathematical Sciences),
1995.
[HV] H. Hofer and C.Viterbo, Weinstein conjecture in the presence of holomorphic sphere.
Comm.Pure.Appl.Math. XLV(1992), 583-622.
[HZ] H.Hofer and E. Zehnder, A new capacity for symplectic manifolds. Analysis et cetera. Eds.
P.Rabinowitz and E.Zehnder. 1990, pp. 405-428.
[J1] M,-Y, Jiang, Periodic solutions of Hamiltonian systems on hypersurfacee in torus, Manuscripta
Math. 85(1994), 307-321.
[J2] M,-Y, Jiang, Periodic motions of particles on torus with a magnetic field, Research Report
No.21, Institute of Mathematics, Peking University, 1997.
[K] J. L. Kelley, General Topology, Graduate Texts in Mathematics, vol. 27, Springer-Verlag, 1975.
[Lu1] G.C.Lu, The Weinstein conjecture on some symplectic manifolds containing the holomorphic
spheres, Kyushu J. Math., 52(1998),331-351.
[Lu2] G.C.Lu, Correction to “The Weinstein conjecture on some symplectic manifolds containing
the holomorphic spheres”, Kyushu J. Math., 54(2000), 181-182.
[Ma] R.Y.Ma, Symplectic capacity and the Weinstein conjecture in certin cotangent bundles and
Stein manifolds, Nonlinear Differ.Equ.Appl.,2(1995), 341-356.
[McSa] D. McDuff and D. Salamon, Introduction to Symplectic Topology, Clarendon Press, Oxford,
1995.
[No] S.P. Novikov, The Hamiltonian formalism and many-valued analogue of Morse theory,Russian
Math.surveys, 37(5)(1982),1-56.
22
[NT] S.P. Novikov and I.A. Taimanov, Periodic extremals of multivalued or not everywhere positive
functionals, Soviet Math. Dokl. 29(1984), 18-20.
[P1] L. Polterovich, An obstacle to non-Lagrangian intersections, in The Floer Memorial Vol-
ume(H.Hofer, C,Taubes, A. Weinstein, E.Zehnder, ed), Progress in Mathematics, birkha¨user,
1995,pp. 575-586.
[P2] L. Polterovich, Geometry on the group of Hamiltonian diffeomorphisms, Proceedings of the
International Congress of Mathematicians, Vol. II(Berlin, 1998). Doc. Math. 1998, Extra Vol.
II, 401-410.
[Si] J.C.Sikorav, Quelques proprie´te´s des plongements Lagrangiens, Bulletin de la Socie´te´ mathe-
matique de France, 46, 151-167.
[St] M. Struwe, Existence of periodic orbits of Hamiltonian systems on almost every energy surface,
Boletin do Sociedade Brasiliense de Mathematics, 20(1990), 49-58.
[T] I.A. Taimanov, Closed extremals on two-dimensional manifolds, Russian Math. Surveys,
47(1992), 163-211.
[V1] C.Viterbo, A proof of Weinstein conjecture in R2n, Ann.Inst.H.Poincare´ Anal.Non Line´aire,
4(1987), 337-356.
[V2] C.Viterbo, Functors and compuations in Floer cohomology. Part I,II, Preprint, 1998.
[V3] C. Viterbo, Exact Lagrange submanifolds, periodic orbits and the cohomology of free loops
spaces, J. Diff. Geom., 47(1997), 420-468.
[W] A. Weinstein, On the hypotheses of Rabinowitz’s periodic orbit theorem. J.Diff.Eq. 33(1979),
353-358.
23
